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a b s t r a c t
Let A be a set of nonnegative integers. For h ≥ 2, denote by hA the set of all the integers
representable by a sum of h elements from A. In this paper, we prove that, if k ≥ 3, and
A = {a0, a1, . . . , ak−1} is a finite set of integers such that 0 = a0 < a1 < · · · < ak−1
and (a1, . . . , ak−1) = 1, then there exist integers c and d and sets C ⊆ [0, c − 2] and
D ⊆ [0, d− 2] such that
hA = C ∪ [c, hak−1 − d] ∪ (hak−1 − D)
for all h ≥ ∑k−1i=2 ai − k + 1. The result is optimal. This improves Nathanson’s result:
h ≥ max{1, (k− 2)(ak−1 − 1)ak−1}.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Let A and B be sets of integers. As usual, their sum and difference sets are defined by
A+ B = {a+ b : a ∈ A, b ∈ B},
A− B = {a− b : a ∈ A, b ∈ B},
respectively. For any integer t , we define the sets
t + A = {t} + A,
t − A = {t} − A.
For h ≥ 2, we denote by hA the h-fold sumset of A, which is the set of all integers n of the form n = a1+a2+· · ·+ah, where
a1, a2, . . . , ah are elements of A and not necessarily distinct.
A direct problem in additive number theory is a problem in which we try to determine the structure and properties of
the h-fold sumset hAwhen the set A is known. For example, if A is the set of all nonnegative squares, then the sumset 4A is
the set of all nonnegative integers. For related research, one may refer to [1,4].
In [2,3] Nathanson proved the following simple and beautiful theorem, which is often called the Fundamental Theorem
of Additive Number Theory and describes the structure of the h-fold sumset hA for any finite set A of integers and for all
sufficiently large h.
Theorem 1 (Nathanson [2]). Let k ≥ 2, and let A = {a0, a1, . . . , ak−1} be a finite set of integers such that
0 = a0 < a1 < · · · < ak−1
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and
(a1, . . . , ak−1) = 1.
Then there exist integers c and d and sets C ⊆ [0, c − 2] and D ⊆ [0, d− 2] such that
hA = C ∪ [c, hak−1 − d] ∪ (hak−1 − D)
for all h ≥ max{1, (k− 2)(ak−1 − 1)ak−1}.
In this paper we improve the result of Nathanson by
Theorem 2. Let k ≥ 3, and let A = {a0, a1, . . . , ak−1} be a finite set of integers such that
0 = a0 < a1 < · · · < ak−1
and
(a1, . . . , ak−1) = 1.
Then there exist integers c and d and sets C ⊆ [0, c − 2] and D ⊆ [0, d− 2] such that
hA = C ∪ [c, hak−1 − d] ∪ (hak−1 − D) (1)
for all h ≥∑k−1i=2 ai − k+ 1.
Remark 1. Let n ≥ 3 be an integer. Let A = {0, n, n+ 1}. By Theorem 2, there exist integers c and d and sets C ⊆ [0, c − 2]
and D ⊆ [0, d− 2] such that
hA = C ∪ [c, h(n+ 1)− d] ∪ (h(n+ 1)− D) (2)
for all h ≥ (n + 1) − 3 + 1 = n − 1. This implies that for all m ≥ c , there exist two nonnegative integers u, v with
m = un+ v(n+ 1). But there do not exist nonnegative integers u, v with c − 1 = un+ v(n+ 1). So c = (n− 1)n. Since
(n− 2)A ⊆ [0, (n− 2)(n+ 1)] = [0, n(n− 1)− 2],
(2) cannot hold for h = n− 2. Therefore Theorem 2 is optimal.
2. Proof of Theorem 2
To prove the theorem, we need a lemma.
Lemma 1. Let k ≥ 3, and let a1, . . . , ak−1 be positive integers such that (a1, . . . , ak−1) = 1. Define
h0 =
k−1
i=2
ai − k+ 1, c0 =
k−2
i=1
ai(ai+1 − 1).
If
c0 − ak−1 < n < c0,
then there exist nonnegative integers u1, . . . , uk−1 such that
n = u1a1 + · · · + uk−1ak−1
and
u1 + · · · + uk−1 ≤ h0.
Proof. Since (a1, . . . , ak−1) = 1, there exist integers x1, . . . , xk−1 such that
n = x1a1 + · · · + xk−1ak−1.
Let u1 be the least nonnegative residue of x1 modulo a2. Then 0 ≤ u1 ≤ a2 − 1 and there exists an integer q such that
x1 = a2q+ u1,
and
n = u1a1 + (a1q+ x2)a2 + · · · + xk−1ak−1.
Let x′2 = a1q+ x2 and u2 be the least nonnegative residue of x′2 modulo a3. Then
0 ≤ u2 ≤ a3 − 1
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and
n = u1a1 + u2a2 + · · · + xk−1ak−1.
Iterating the process k− 2 times, we have
n = u1a1 + · · · + uk−2ak−2 + uk−1ak−1
with 0 ≤ ui ≤ ai+1 − 1 for i = 1, . . . , k− 2. It follows that
uk−1ak−1 = n− (u1a1 + · · · + uk−2ak−2)
≥ n− (a2 − 1)a1 − · · · − (ak−1 − 1)ak−2
= n− c0
> −ak−1.
So uk−1 > −1. Since uk−1 is an integer, we have uk−1 ≥ 0.
Let u1 + · · · + uk−1 = u. Then
n = u1a1 + · · · + uk−1ak−1
= u1a1 + · · · + (u− u1 − · · · − uk−2)ak−1
= uak−1 − u1(ak−1 − a1)− · · · − uk−2(ak−1 − ak−2)
≥ uak−1 − (a2 − 1)(ak−1 − a1)− · · · − (ak−1 − 1)(ak−1 − ak−2)
= uak−1 − (h0 + 1)ak−1 + c0.
Since n < c0, we have u ≤ h0. This completes the proof of Lemma 1. 
Proof of Theorem 2. Let c0 and h0 be as in Lemma 1.
The theorem is proved by induction on h ≥ h0. Choose integers c and d such that [c, h0ak−1− d] is the largest interval of
integers satisfying
[c0 − ak−1 + 1, c0 − 1] ⊆ [c, h0ak−1 − d] ⊆ h0A.
Lemma 1 implies that this maximal interval exists. It follows that c − 1 ∉ h0A and h0ak−1 − d+ 1 ∉ h0A. Moreover,
c ≤ c0 − ak−1 + 1, c0 − 1 ≤ h0ak−1 − d. (3)
Let C and D be the finite sets of integers defined by
C = h0A ∩ [0, c − 2]
and
h0ak−1 − D = h0A ∩ [h0ak−1 − (d− 2), h0ak−1].
Then D ⊆ [0, d− 2] and
h0A = C ∪ [c, h0ak−1 − d] ∪ (h0ak−1 − D). (4)
Thus, (1) holds for h = h0.
Suppose that (1) is true for some h ≥ h0. Let
B = C ∪ [c, (h+ 1)ak−1 − d] ∪ ((h+ 1)ak−1 − D).
First we prove that B ⊆ (h+ 1)A.
Let b ∈ B. Since c0 =∑k−2i=1 ai(ai+1 − 1) and h0 + 1 =∑k−2i=1 (ai+1 − 1), by h ≥ h0 we have c0 ∈ (h0 + 1)A ⊆ (h + 1)A.
Hence we need only consider b ≠ c0.
If b ∈ C ∪ [c, h0ak−1 − d], then by (4) we have
b ∈ h0A ⊆ (h+ 1)A.
If b ∈ [c + ak−1, (h+ 1)ak−1 − d] ∪ ((h+ 1)ak−1 − D), then, by the induction hypothesis, we have
b− ak−1 ∈ [c, hak−1 − d] ∪ (hak−1 − D) ⊆ hA.
Hence b ∈ (h+ 1)A. By (3) we have
c + ak−1 − 1 ≤ c0 ≤ h0ak−1 − d+ 1. (5)
If h0ak−1 − d+ 1 ≤ b ≤ c + ak−1 − 1, then by (5) we have b = c0, a contradiction. Thus we have proved that B ⊆ (h+ 1)A.
Nowwe prove that (h+1)A ⊆ B. Let a ∈ (h+1)A. By (5) and h ≥ h0 we have c ≤ c0 ≤ h0ak−1−d+1 ≤ (h+1)ak−1−d.
Hence c0 ∈ B. So we need only consider a ≠ c0.
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Case 1: a ∉ hA. Then there exist nonnegative integers x1, . . . , xk−1 such that
a = x1a1 + · · · + xk−1ak−1
and
x1 + · · · + xk−1 = h+ 1.
Moreover, we can obtain that for i = 1, . . . , k− 2
0 ≤ xi ≤ ai+1 − 1.
Otherwise, without loss of generality, assuming that x1 ≥ a2, we have
a = x1a1 + x2a2 + · · · + xk−1ak−1
= (x1 − a2)a1 + (x2 + a1)a2 + · · · + xk−1ak−1,
but now
(x1 − a2)+ (x2 + a1)+ x3 + · · · + xk−1 = (x1 + x2 + · · · + xk−1)− (a2 − a1) < h+ 1,
which contradicts a ∉ hA. It follows that
a = x1a1 + x2a2 + · · · + xk−1ak−1
= x1a1 + · · · + xk−2ak−2 + (h+ 1− x1 − · · · − xk−2)ak−1
= (h+ 1)ak−1 − x1(ak−1 − a1)− · · · − xk−2(ak−1 − ak−2)
≥ (h+ 1)ak−1 − (a2 − 1)(ak−1 − a1)− · · · − (ak−1 − 1)(ak−1 − ak−2)
= (h+ 1)ak−1 − (h0 + 1)ak−1 + c0
≥ c0.
Since a ≠ c0, by the above inequality and (3) we have a ≥ c0 + 1 ≥ c + ak−1. If xk−1 = 0, we obtain
h+ 1 = x1 + · · · + xk−2 ≤ (a2 − 1)+ · · · + (ak−1 − 1) = h0 + 1 ≤ h+ 1.
Hence xi = ai+1 − 1 (1 ≤ i ≤ k− 2). Thus
a = x1a1 + · · · + xk−2ak−2 = c0,
a contradiction. Hence xk−1 ≥ 1. Thus a− ak−1 ∈ hA and a− ak−1 ≥ c. By the induction hypothesis,
a ∈ ak−1 + [c, hak−1 − d] ∪ (hak−1 − D)
= [c + ak−1, (h+ 1)ak−1 − d] ∪ ((h+ 1)ak−1 − D) ⊆ B.
Case 2: a ∈ hA. By the induction hypothesis, we have
hA = C ∪ [c, hak−1 − d] ∪ (hak−1 − D).
Since C ∪ [c, (h+ 1)ak−1 − d] ⊆ B, we may assume that a > (h+ 1)ak−1 − d. By a ∈ hA, there exist nonnegative integers
x1, . . . , xk−1 such that
a = x1a1 + · · · + xk−1ak−1
and
x1 + · · · + xk−1 ≤ h.
As in the proof of Lemma 1, we may assume that 0 ≤ xi ≤ ai+1 − 1 for i = 1, . . . , k− 2.
If xk−1 = 0, then by (3) we have
a = x1a1 + · · · + xk−2ak−2
≤ a1(a2 − 1)+ · · · + ak−2(ak−1 − 1)
= c0 ≤ h0ak−1 − d+ 1
≤ (h0 + 1)ak−1 − d ≤ (h+ 1)ak−1 − d,
which is a contradiction. Hence xk−1 ≥ 1 and a − ak−1 ∈ hA. Since a − ak−1 > hak−1 − d, we have a − ak−1 ∈ hak−1 − D.
Hence a ∈ (h+ 1)ak−1 − D ⊆ B. This completes the proof of Theorem 2. 
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